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Problem: GP hyperparameter optimization

Consider a Gaussian process over functions in time and a delta likelihood:

p(flt; )= GP(f(©) |0, Ky (t,t)), p(i If . te) = 6 (v — f(t))

Typical approach to finding kernel hyperparan
Y* =argmaxp(y | t; )
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Possible solution

For Matérn kernels, you could convert the GP to an SDE* and try maximum likelihood.

Conversion:
Fw)=HwWw) = Spg(w)=|Hw)|*Sy(w) suchthat Sp(w) =S, (w)

Let S, (w) be the power spectral density of the GP governed by the Matérn ky,:
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Possible solution

Unpacking the characteristic polynomial of the transfer function, reveals an order m process:
m-1
(iw)™F (w) + z a, (i0)"F(0) = W(w)
n=0

where a,, = (Z‘)Am"” are found through the binomial theorem. Note thatm = v + %

The inverse Fourier transform produces:
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Example:
v =% > m=1 = d];(tt) = —Af(t) + w(t)
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Possible solution

You could take the SDE, form a state-space model and perform maximum likelihood estimation.

But maximum likelihood is still iterative.
e Can we do without iterations?

State-space models with unknown parameters, states and noise are typically unidentifiable.
* The posterior over parameters will heavily depend on the prior distribution.

| decided to explore a different approach.
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Alternate solution

| will use Euler-Maruyama with a higher-order forward finite difference,

e ;(—nm-n () Fe+na)

where A = t;, — t_1.
Applying this to each of the derivatives in the SDE:

$0, 000 (),
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n=0 n=0

where f, = f(ty).
The white noise process is discretized to wy, ~ N (0, ¢2A).
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Alternate solution

We can re-arrange the discretized SDE to a discrete-time autoregressive process:

ZA”Z( n" < )fk+] = W

frem = z Onfisn + Aka
n=0
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where 6, = (-1)™ (™) — ¥t q,Am T (-1)/ () and =

Example form = 1:
fus1 = (1 =20 fi, + Wi, where wy, ~ N (0,A3¢?)
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Alternate solution

Consider a likelihood function of the form:

autoregressive coefficients .
likelihood precision

PWielVi-1,0,7) = N pel0 " Yie—1, T
buffer of previous observations
We can then construct a Bayesian filter:
PVilVk-1,0,7)
PVicly-1)

p(Q,T |y1:k) = p(@,‘[ |y1:k—1)

Conjugate prior to this autoregressive likelihood is a multivariate Normal — gamma distribution:
p(gl T) = Ng(G,T | ,UO;AO; Ho, :80)
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Alternate solution

After we’ve updated our posterior distribution, we can revert back to kernel hyperparameters.
For m = 1, this is exact;

_ A 2 _ B
A= 1-u ’ 0" = 2(a—-1)(1—p)A2

For m > 1, we end up with a system of polynomials.
Use a nonlinear least-squares approach, with objectives

G000 = Gt = 00, gm) = (S~ 1)

forn=0,.., m—1.
Then find the minimizer ¥* = arg max )./~ g; ({)
VEW

. TU/e



Demo
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Experiments

50 Simulations: y ~ GP (sin((f +n), Kw(a)
Matérn-1/2:
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Experiments

50 Simulations: y ~ GP (sin((f + 1), Kw(ﬂ) for (~U(0,2),n~U(0,2m).
Matérn-3/2:
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Outlook

Advantages:
- Recursive solution to kernel hyperparameters (you could stop for < N).

Limitations:
- Approximation error by Euler-Maruyama.

- Approximation by nonlinear LS for reversion.
Future work:

- Analysis of asymptotic properties: bias, consistency, stability.

- Generalize to noisy observations.
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Thanks for your attention!

Paper "?rxinfer TU/e



15

TU/e



Extra slides

Matérn-class kernel covariance function:
%

N __ 221—1/ m / B m !
ky(t,t) =0 F(v)(T t—tl) V<T|t—t|>

Autoregressive parameter posterior has closed-form updates:
_ | _
A1 = My + Fic Vi, Hirr = (Mg + Vi) (Dbt + FiVi+1)s

1 1
A1 = A 5, Br+1 = B +5 Wics1 — MrrrDer1biers + g Awchtie)
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