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System identification

As a driver, you may have many questions about this bridge:

How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?

Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?

Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?

Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



System identification

As a driver, you may have many questions about this bridge:
How old is this bridge?
Can the bridge hold all this traffic?
Have weather effects eroded it?
Is it safe for me to drive over it?

How can we answer such questions?

Claim: Uncertainty and information should propagate through a model
and impose confidence on predictions and decisions.

2



Probabilistic model and Bayesian inference

Let yt ∈ R be an observed output at time t, ȳt a history, ut ∈ RDu an
observed input and θ = (β, τ) the coefficients and precision.

A probabilistic autoregressive model with exogenous inputs is:

p(y , θ | u)︸ ︷︷ ︸
joint distribution

= p(θ)︸︷︷︸
prior

n∏
t=1

p(yt | ȳt , ut , θ)︸ ︷︷ ︸
likelihood

where y = (y1, . . . , yn) and u = (u1, . . . , un).

Bayesian inference is about updating beliefs over latent variables:

p(θ | y ,u)︸ ︷︷ ︸
posterior

=

likelihood︷ ︸︸ ︷
p(y | u, θ)
p(y | u)︸ ︷︷ ︸

model evidence

p(θ)︸︷︷︸
prior
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Graphs

Probabilistic models can become challenging to manipulate manually.

Factor graphs visually represent the model’s factorization structure.

For example, p(y , θ | u) = p(θ)︸︷︷︸
fθ

∏n
t=1 p(yt | ȳt , ut , θ)︸ ︷︷ ︸

fy

.

fθ

θ

fy fy fy· · ·

y1 y2 yN· · ·

bipartite factor graph

fθ = =θ θ · · ·

fy fy fy

θ θ
θ

y1 y2 yN

· · ·

Forney-style factor graph
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Message passing as distributed inference

Suppose we have a joint distribution over three variables:

p(z1, z2, z3) = p(z1 | z2)p(z2 | z3)p(z3)

We are interested in the marginal distributions of the edges:

p(z2) =

∫∫
p(z1, z2, z3)dz1dz3

The factorization structure can be leveraged to distribute integrals:

p(z2) =

∫
p(z1 | z2)dz1︸ ︷︷ ︸
µ1→2(z2)

∫
p(z2 | z3)p(z3)dz3︸ ︷︷ ︸

µ3→2(z2)

5
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Message passing as distributed inference

Factor nodes integrate information into an outgoing message:

f

z1

z2

z3

µ(z1)

µ(z2)

µ(z3)

Sum-product message

µ(zi ) =

∫ ∏
j ̸=i

µ(zj)f (z)dz\i

For example, a Gaussian factor node with a Gaussian message:

µ(z2) =

∫
N (z2 | z1, σ2

2)N (z1 | µ1, σ
2
1)dz1 = N (z2 | µ1, σ

2
2 + σ2

1) .

6 Loeliger et al., 2007 (IEEE SPM).
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Message passing as distributed inference

Colliding messages update marginal distributions:

fa fb
µa→i (zi ) µb→i (zi )

p(zi )

Marginal update

p(zi ) = µa→i (zi ) µb→i (zi )

For example, two colliding Gaussian distributions yields:

p(zi ) = N (zi | µa, σ
2
a) · N (zi | µb, σ

2
b) = N

(
zi | λ−1ξ, λ−1

)
where λ = σ−2

a + σ−2
b and ξ = σ−2

a µa + σ−2
b µb.

7 Loeliger et al., 2007 (IEEE SPM).
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Message passing in AR model

Writing out the autoregressive model in more detail:

[ ] · N
fy

ūt

ȳt-1
yt

=· · ·fθ · · ·
θ1

→

2↑

3
→

4 ↓

Message from prior distribution.

Backwards message using data.

Posterior becomes future prior.

Posterior predictive distribution.

8
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Generalizing Bayesian inference

Bayesian inference is a special case of free energy minimization.

The free energy functional of p(y , θ | u) with variational model q(θ) is:

F [q] =

∫
q(θ) log

q(θ)

p(y , θ | u)
dθ .

Decomposing reveals relation to Bayesian inference:

F [q] =

approximation︷ ︸︸ ︷∫
q(θ) log

q(θ)

p(θ | y ,u)
dθ

negative log-evidence︷ ︸︸ ︷
− log p(y | u)

=

∫
q(θ)[− log p(y | u, θ)]dθ︸ ︷︷ ︸

prediction error

+

∫
q(θ) log

q(θ)

p(θ)
dθ︸ ︷︷ ︸

change in beliefs

9
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Free energy on graphs

Let G = (V, E) define a graph over a set of nodes V and edges E .

The variational model q(z) is indexed by nodes and edges:

q(z) =

∏
a∈V qa(za)∏
i∈E qi (zi )

fa fb fc

fd

z1 z2

z3

q1 q2

q3qa
qb

qc

qd

10 Yedidia, Freeman & Weiss, 2005 (IEEE TIT); Şenöz et al., 2021 (Entropy).
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Free energy on graphs

The Bethe free energy is a functional over node energies and edge
entropies:

B[q] =
∑
a∈V

∫
qa(za) log

qa(za)

fa(za)
dza +

∑
i∈E

−
∫

qi (zi ) log qi (zi )dzi ,

subject to marginalization and normalization constraints∫
qa(za) dza\i = qi (zi ) ∀a, i ∈ ∆a∫
qi (zi ) dzi = 1 ∀i

Note that constraints are not the same as priors!

11 Yedidia, Freeman & Weiss, 2005 (IEEE TIT); Şenöz et al., 2021 (Entropy).
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Minimizing the Bethe free energy functional

We form a Lagrangian out of the Bethe free energy and its constraints:

L[q] = B[q]+
∑
a∈V

∫
λai (zi )(

∫
qa(za)dza\i−qi (zi ))dzi+

∑
i∈E

λi (

∫
qi (zi )dzi−1).

The optimal variational factors are its stationary points:

qa(z) ∝ fa(za)
∏
j∈∆a

µj→a(zj) qi (zi ) ∝
∏
a∈∆i

µa→i (zi ),

where the messages arise as mechanism to enforce constraints

µa→i (zi ) =

∫
fa(za)

∏
j∈∆a\i

µj→a(zj) dza\i .

12 Zhang et al., 2021 (IEEE TWC); Şenöz et al., 2021 (Entropy).
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µa→i (zi ) =

∫
fa(za)

∏
j∈∆a\i

µj→a(zj) dza\i .

12 Zhang et al., 2021 (IEEE TWC); Şenöz et al., 2021 (Entropy).



Variational message passing

When the expectation over messages cannot be solved or if we wish to
impose conjugacy, then we can impose additional local constraints.

Variational message rule
For node a, if qa(za) =

∏
j qj(zj), the message is derived to be:

µa→i (zi ) ∝ exp
(
E∏

j ̸=i qj (zj )

[
log fa(za)

])
Alternative constraints exist, such as moment matching.

13 Yedidia, Freeman & Weiss, 2005 (IEEE TIT); Dauwels, 2007 (IEEE ISIT).
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Demo 1: autoregressive model

ūt

ȳt−1

[ ] · N yt
xt β⊤xt

m0, Λ0

N = · · ·β

β

a0, b0

Γ

= · · ·

τ

τ

14 Nisslbeck & Kouw, 2025 (IEEE ECC).



Demo 1: does it forecast?
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Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.

Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.

Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.

Special compounds, e.g., mixtures, switches, non-parametric.
This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters

Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models

Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Composability

Factor graphs are modular computational graphs.

Message passing rules can be stored and re-used.
Deterministic operations, e.g., +, −, ·.
Exponential family-based conditional distributions, e.g., N , G.
Special compounds, e.g., mixtures, switches, non-parametric.

This creates a design framework for a class of probabilistic models where
inference is tractable, containing among others

Kalman filters
Hidden Markov models
Gaussian process regression

16 Loeliger, 2004 (IEEE SPM); Bagaev & de Vries, 2023 (Sci. Prog.).



Demo 2: time-varying autoregressive model

ūt

ȳt−1

[ ] · N yt
xt β⊤t xt

· · · N = · · ·

α0

βt−1 βt

βt

a0, b0

Γ

= · · ·

τ

τ

17 Podusenko, Kouw & de Vries, 2020 (IEEE ISIT).
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Demo 3: hierarchical autoregressive model

ūt

ȳt−1

[ ] · N yt
xt β⊤t xt

· · · N = · · ·βt−1 βt

βt

aβ , bβ

Γ = · · ·α
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a0, b0

Γ

= · · ·

τ

τ

19 Podusenko, Kouw & de Vries, 2023 (Entropy).
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Demo 4: volatile HAR

ūt

ȳt−1

[ ] · N yt
xt β⊤t xt

· · · N = · · ·βt−1 βt

βt

aβ , bβ

Γ = · · ·α

α

exp κ, ω

=N· · · · · ·

ϑ

zt−1 zt

zt

τt

21 Şenöz et al., 2020 (L4DC)
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Demo 5: mixture of experts

ūt

ȳt−1

[ ] · N
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xt

βt τ
(1)
t

M1: TVAR+HGF

· · · N = N

a, q · · · = · · ·

ft

τ
(2)
t

M2: Matérn- 1
2 GP

yt

Cat

π

st

23 Minka & Winn, 2008 (NeurIPS).



Demo 5: does it forecast?

20 40 60 80 100 120
scenario hour

−5.0

−4.5

−4.0

−3.5

−3.0

−2.5

−2.0

−1.5

ru
nn

in
g 

NL
PD

  [
na

ts
]

lower is better

mixture
+ HGF noise

AR TVAR
hier. TVAR

+ HGF noise
mixture

Bayes. mixture

−4

−3

−2

−1

0

m
ea

n 
NL

PD
  [

na
ts

]

-2.08 -2.08

-2.78

-3.62 -3.66

24



Demo 6: Bayesian mixture of experts
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25 Lukashchuk et al., 2026 (ProbNum); Van Erp, Nuijten & de Vries, 2024 (IWAI).



Demo 6: does it forecast?

20 40 60 80 100 120
scenario hour

−5.0

−4.5

−4.0

−3.5

−3.0

−2.5

−2.0

−1.5

ru
nn

in
g 

NL
PD

  [
na

ts
]

lower is better

Bayesian mixture
mixture

AR TVAR
hier. TVAR

+ HGF noise
mixture

Bayes. mixture

−4

−3

−2

−1

0

m
ea

n 
NL

PD
  [

na
ts

]

-2.08 -2.08

-2.78

-3.62 -3.66 -3.76

26



Composable means automatable

27 Bagaev & de Vries 2023 (Scientific Programming); Kouw 2026 (IWAI).



Comparing to a modern baseline

Can you make models that compete with modern deep networks?
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28 Vaswani et al., 2017 (NeurIPS).



Is it safe to drive over?

Suppose safe passage requires y < 150 mm/s2 (r.m.s.).

Leave Friday at 16:00 (±1500 vehicles per hour)
A 6 m/s breeze.
The deck is at 7◦C.

0 50 100 150 200 250 300 350 400
predicted r.m.s. deck acceleration  [mm/s2]

AR   μ 132,  μ+ σ 162,  P(over) 0.32

BMoE   μ 126,  μ+ σ 197,  P(over) 0.47

Friday 16:00, peak loading on a cracked deck

limit 150deck did 142

Mean stays below threshold but mean+std.dev. is above.
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Is it safe to drive over?

Now, look at a later time point.

Leave Friday at 18:00 (±600 vehicles per hour)
A 3 m/s breeze.
The deck is at 12◦C

0 50 100 150 200 250 300 350 400
predicted r.m.s. deck acceleration  [mm/s2]

AR   μ 58,  μ+ σ 87,  P(over) 0.03

BMoE   μ 51,  μ+ σ 91,  P(over) 0.09

Friday 18:00, wind and traffic eased

limit 150deck did 65

Mean + std. dev is below the threshold.
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Is it safe to drive over?

What if we had more uncertainty over inputs?

N
mu,Vu

ȳt−1

[ ] · N
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ūt
xt

βt τ
(1)
t

M1: TVAR+HGF

· · · N = N

a, q · · · = · · ·

ft

τ
(2)
t

M2: Matérn- 1
2 GP

yt

= · · ·

Cat· · ·

st

st−1

st

= Dir c0· · · A

A
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Is it safe to drive over?

What if we had more uncertainty over inputs?

That uncertainty propagates through the model:

0 100 200 300 400
predicted r.m.s. deck acceleration  [mm/s2]

BMoE

known input
uncertain input

limit 150

hour 36, wind 15.1 ± 3 m/s, deck 10.8 ± 2 ∘C, traffic 568 veh/h known

Predictive variance is increased, demanding more caution.
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Discussion

Convergence depends on graph structure.

Sufficient conditions (e.g., walk-summability) exist.

Parameter updates are deterministic.

Consistency can be analyzed, but updates are coupled.

(Strong) calibration for exact Bayesian inference.

Open question for variational message passing.

Other applications:

Active sensing.
Simultaneous learning and control.
Probabilistic numerics.

33 Khan & Rue 2023 (JMLR); Courts, Wills, Schön & Ninness 2023 (Automatica); Murai et al. 2024
(IEEE RA-L); MacKinlay et al. 2025 (ICLR).
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The simulated bridge

A 30 m single span, two bending modes at 2.0 and 6.0Hz with damping
1.5% and 2%, one accelerometer at 0.3L sampled at 20 Hz.
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Two modes give two conjugate pole pairs,
∏

n(1− 2rn cosϕnz
−1 + r2

n z
−2)

with rn = exp(−ζnωn/fs), so the deck is an AR(4).
The poles move for three reasons. Temperature, about −0.3% per ◦C.
Freezing, which lifts f1 by 10%. Damage on Friday at 13:00, which drops
it by 6%.
The amplitude moves for two, traffic from 50 to 1500 vehicles an hour
and a storm on Tuesday.
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Loopy belief propagation

Fixed points of belief propagation are exactly the stationary points of B,
and the stable ones are its local minima.

On a tree. B is exact, its minimum is − log p(y), and two sweeps reach
it. No iteration.

With loops. B is non-convex and is neither an upper nor a lower bound.
Several fixed points may exist and the iteration can oscillate. It is convex
with at most one cycle; beyond that, contraction conditions, damping, or
a double-loop scheme that descends by construction and pays per
iteration for it.

In the Gaussian case, if it converges the means are exact, the variances
generally too small.

37 Yedidia, Freeman & Weiss 2005 (IEEE TIT); Heskes,2006 (JAIR); Yuille 2002 (Neural Comp.);
Mooij & Kappen 2007 (IEEE TIT); Weiss & Freeman 2001 (Neural Comp.).


	Framing

