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What is this paper about?

An intelligent autonomous agent that balances ..

1. .. driving the system to a goal and ..

2. .. acquiring data for maximally efficient system identification.

Why?

• Autonomous calibration of control system.

• Cautious exploration of input-output function.

• Robustness to time-varying disturbances.
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Problem statement

Consider a system with control input 𝒖𝒖𝒌𝒌 ∈ 𝓤𝓤 ⊆ ℝ and measured output 𝒚𝒚𝒌𝒌 ∈ ℝ.

• The system’s dynamics are unknown but are assumed to be continuous. 

• Noise is unknown but is assumed to be continuous and symmetric.

• Disturbances are unknown but are assumed to be continuous.

Goal: reach neighbourhood of a point: 𝒚𝒚∗~𝓝𝓝(𝒎𝒎∗,𝒗𝒗∗)
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Demonstration
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Model Specification

We adopt a nonlinear autoregressive with exogenous input (NARX) model:

𝒑𝒑 𝒚𝒚𝒌𝒌 𝜽𝜽, 𝝉𝝉,𝒖𝒖𝒌𝒌) = 𝓝𝓝 𝒚𝒚𝒌𝒌 𝜽𝜽𝑻𝑻𝝓𝝓 𝒙𝒙𝒌𝒌,𝒖𝒖𝒌𝒌 , 𝝉𝝉−𝟏𝟏)

Example data buffer, for 𝑴𝑴𝒚𝒚 = 𝟐𝟐, 𝑴𝑴𝒖𝒖 = 𝟏𝟏:
𝒙𝒙𝒌𝒌 = [𝒚𝒚𝒌𝒌−𝟏𝟏 𝒚𝒚𝒌𝒌−𝟐𝟐 𝒖𝒖𝒌𝒌−𝟏𝟏]

Example basis function, order-2 polynomial without cross-terms:
𝝓𝝓 𝒙𝒙𝒌𝒌,𝒖𝒖𝒌𝒌 = 𝟏𝟏 𝒚𝒚𝒌𝒌−𝟏𝟏 𝒚𝒚𝒌𝒌−𝟐𝟐 𝒖𝒖𝒌𝒌−𝟏𝟏 𝒚𝒚𝒌𝒌−𝟏𝟏𝟐𝟐 𝒚𝒚𝒌𝒌−𝟐𝟐𝟐𝟐 𝒖𝒖𝒌𝒌−𝟏𝟏𝟐𝟐
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Inference: parameter estimation

Prior distribution over autoregression coefficients 𝜽𝜽 and noise precision 𝝉𝝉:
𝒑𝒑 𝜽𝜽, 𝝉𝝉 = 𝒑𝒑 𝜽𝜽 𝝉𝝉)𝒑𝒑 𝝉𝝉 = 𝓝𝓝 𝜽𝜽 𝝁𝝁𝟎𝟎, 𝝉𝝉𝜦𝜦 −𝟏𝟏) 𝓖𝓖 𝝉𝝉 𝜶𝜶,𝜷𝜷)

Bayes’ rule to calculate posterior distribution:

𝒑𝒑 𝜽𝜽, 𝝉𝝉 | 𝓓𝓓𝒌𝒌 =
𝒑𝒑 𝒚𝒚𝒌𝒌 𝜽𝜽, 𝝉𝝉,𝒖𝒖𝒌𝒌)
𝒑𝒑 𝒚𝒚𝒌𝒌 𝒖𝒖𝒌𝒌,𝓓𝓓𝒌𝒌−𝟏𝟏)𝒑𝒑 𝜽𝜽, 𝝉𝝉 | 𝓓𝓓𝒌𝒌−𝟏𝟏

Recursive parameter update rules:

𝝁𝝁𝒌𝒌 = 𝚲𝚲𝒌𝒌−𝟏𝟏(𝝓𝝓𝒌𝒌𝒚𝒚𝒌𝒌 + 𝚲𝚲𝐤𝐤−𝟏𝟏𝝁𝝁𝒌𝒌−𝟏𝟏) 𝜶𝜶𝒌𝒌 = 𝜶𝜶𝒌𝒌−𝟏𝟏 + 𝟏𝟏
𝟐𝟐

𝚲𝚲𝐤𝐤 = 𝚲𝚲𝐤𝐤−𝟏𝟏 + 𝝓𝝓𝒌𝒌𝝓𝝓𝒌𝒌
𝑻𝑻 𝜷𝜷𝒌𝒌 = 𝜷𝜷𝒌𝒌−𝟏𝟏 + 𝟏𝟏

𝟐𝟐
𝒚𝒚𝒌𝒌𝟐𝟐 − 𝝁𝝁𝒌𝒌𝑻𝑻𝚲𝚲𝐤𝐤𝝁𝝁𝒌𝒌 + 𝝁𝝁𝒌𝒌−𝟏𝟏𝑻𝑻 𝚲𝚲𝐤𝐤−𝟏𝟏𝝁𝝁𝒌𝒌−𝟏𝟏
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Inference: control estimation

Transitioning the probabilistic model forward in time gives:
𝒑𝒑 𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉 𝓓𝓓𝒌𝒌) = 𝒑𝒑 𝒚𝒚𝒕𝒕 𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉)𝒑𝒑 𝜽𝜽, 𝝉𝝉 𝓓𝓓𝒌𝒌)𝒑𝒑(𝒖𝒖𝒕𝒕)

We want to infer a marginal posterior distribution for 𝒖𝒖𝒕𝒕, but exact inference is not possible.

We shall adopt an expected free energy functional:

𝓕𝓕𝒌𝒌 𝒒𝒒 = ∫ 𝒒𝒒 𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉 𝐥𝐥𝐥𝐥
𝒒𝒒 𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉

𝒑𝒑 𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉 𝓓𝓓𝒌𝒌)
𝒅𝒅(𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉)

with variational model:
𝒒𝒒 𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉 = 𝒑𝒑 𝒚𝒚𝒕𝒕 𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉)𝒑𝒑 𝜽𝜽, 𝝉𝝉 𝓓𝓓𝒌𝒌)𝒒𝒒(𝒖𝒖𝒕𝒕)
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Inference: control estimation

We adopt MAP estimation, i.e., the most probable value under the control posterior:
𝒖𝒖𝒕𝒕∗ = arg max 𝒒𝒒(𝒖𝒖𝒕𝒕)

If we aim for MAP, then the expected free energy function can be written as (see paper):

𝓘𝓘 𝒖𝒖𝒕𝒕 = 𝔼𝔼𝒒𝒒(𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽,𝝉𝝉) 𝐥𝐥𝐥𝐥
𝒒𝒒(𝒚𝒚𝒕𝒕,𝒖𝒖𝒕𝒕,𝜽𝜽, 𝝉𝝉)

𝒑𝒑 𝜽𝜽, 𝝉𝝉 𝓓𝓓𝒌𝒌)𝒑𝒑 𝒚𝒚𝒕𝒕 𝒖𝒖𝒕𝒕)
+ 𝔼𝔼𝒑𝒑 𝒚𝒚𝒕𝒕 𝒖𝒖𝒕𝒕) 𝐥𝐥𝐥𝐥 𝒑𝒑 𝒚𝒚𝒕𝒕 𝒚𝒚∗)

Working out expectations yield:

𝓘𝓘 𝒖𝒖𝒕𝒕 = 𝑪𝑪 −
𝟏𝟏
𝟐𝟐 𝐥𝐥𝐥𝐥 𝝓𝝓𝒕𝒕

𝑻𝑻𝚲𝚲𝐤𝐤−𝟏𝟏𝝓𝝓𝒕𝒕 + 𝟏𝟏 +
𝟏𝟏
𝟐𝟐𝒗𝒗∗

𝜷𝜷𝒌𝒌
𝜶𝜶𝒌𝒌 − 𝟏𝟏 𝝓𝝓𝒕𝒕

𝑻𝑻𝚲𝚲𝐤𝐤−𝟏𝟏𝝓𝝓𝒕𝒕 + 𝟏𝟏 + 𝝁𝝁𝒌𝒌𝑻𝑻𝝓𝝓𝒕𝒕 −𝒎𝒎∗
𝟐𝟐
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Experiments
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Discussion

Value:

• Goal prior variance balances information- and goal-seeking.

• Caution: large values of control signal are avoided when parameter uncertainty is high.

Limitations:

• Variance parameter is dropped when filling the buffer 𝒙𝒙𝒕𝒕, which means uncertainty does 
not accumulate in the feedforward model.
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Take-aways

Given a probabilistic model, one can derive an information-theoretic control objective that ..

1. .. plans a control policy (given parameterized prediction) to reach a goal and ..

2. .. plans an action to maximize mutual information between parameters and predictions.
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