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1. Problem specification

° Problem statement

e Heat transfer on a silicon die

e A system of linear equations



Keeping chips cool

This is a silicon die, specifically a Pentium II.

It contains a complete electronic circuit that
performs a specific function (this one computes).

Each tile (region) draws power and heats up.
Heat spreads through the silicon material.

We want to keep the die cool, which we can do
by "throttling" power consumption.

To decide which to "throttle", the control system
needs the steady-state temperature of every tile.

temperature above ambient



Heat transfer on a silicon die

Let x; be the temperature of the i-th tile, and b; its power consumption.

The steady-state solution of the change in temperature over time is:
CXi + z (Xi —Xj) = bi
JE&(1)

where §(i) is the set of neighbors and c is a parameter.

The neighbor contributions can be approximated with the Laplacian Ax;.

Then
(C — A)Xi = bi
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System of linear equations

Stack n temperatures and power consumptions into vectors x = [x1 ... xp] and b= [by ... by].

This gives us a matrix A = (cI — A4)

So, the steady-state solution is Ax = b.

How can we infer unknown x from known A and b?
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2. Classical numerical approaches

° Jacobi method

e Gauss—Seidel method

e Conjugate gradient method



Jacobi method

First, A is split into diagonal and strictly triangular terms: A = D + L + U. Then:
Ax=0>b
(D+L+U)x=Db
Dx=b—-(L+U)x
x=D"1(b-(L+U)x)
The fixed-point equation becomes a fixed-point iteration:
xED) = p=1(b — (L + U)x®)

In standard Jacobi iteration, you would update per equation, keeping all other equations fixed;

1
(t+1) _ ()
X; _aii<bi_ E aijX; )

JES!
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Jacobi method

read: x(®

[ the four tiles it reads
o' its own value — never read

10

Jacobi sweep 2 — component 1 of 64:

write: x!t* 1) tile by tile

red: the tile being written
grey: not computed yet, this sweep

tile (0,0), row i=0

o o o =
- an =] o

temperature above ambient

o
N

0.0

row j of A: five non-zeros, two bands
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Gauss-Seidel method

Gauss-Seidel is essentially the same but now you use the already computed values;
xD = (D 4+ L)71(b — Ux®)

Gauss-Seidel sweep2 — component 1 of 64: tile (0,0), rowi=0 — 0 of 2 neighbours already refreshed

the field, overwritten in place x't' — what Jacobi would have read row i of A: which columns are already refreshed

N

Y
%,
™

1 being written now ) | "I'olzeﬂ for the Wh'ollel Slweerti.i i 4 columns already refreshed (L: the strict lower triangle)
i i gs: the va s- eady improy i ! }
=1 neighbour, already refreshed this sweep grey rings: the values Gauss-Seidel has already improve row i- the equation being solved

3 neighbour, still last sweep's value
71 hatched: not yet visited this sweep
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Conjugate gradient method

Consider the quadratic function f(x) = xTAx — 2b" x.

For symmetric positive definite A, f(x) will be minimal when its derivative, 24x — 2b, is 0.

Algorithm:

12

Start with an initial point x(©® and initial residual r©® = b — Ax(®.
. . . . sir(®)
Pick a direction s and compute step size: ag = —7
soAsy

Update point x(V) = x(O + g5,
Update residual: r™) = (® — ¢, 4s,

Repeat until n.
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Conjugate gradient method

The directions are chosen to be conjugate with respect to 4, i.e., sl-TAsj = 0fori +j.

13

*4 the solution
+— steepest descent
=@- conjugate gradients

0.075 A
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Experiment

Consider a 24 x 24 grid tiling (n = 576) with ¢ = 0.4.

= Jacobi (>130)
= (Gauss-Seidel (110)
= COhjugate gradients (41)

1073 -

10—5_

10—7_

lb = Axll/|Ib]

10—9_

10—11_

10_13 T T T T T T
0 20 40 60 80 100 120

iteration
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3. Probabilistic numerical approach

A BayesCG

° Uncertainty




BayesCG

Put a prior distribution on the unknown: p(x) = V(x| (%, £(®),
Now pick m search directions § = [s1 - s,,,].
Let z; = SJ-TAx* = szb forj =1,..m.
This is a Dirac likelihood, p(zj|x) = 6(2j — szAx).
The posterior is then
p(x|z) = N (x|x™), ()
whose parameters are an update to the prior’s
20 = x© 4 3O ATg (STAZ®ATS) ™' sT(b — Ax(?)
M = 50 _ 30 4T (§TAE®ATS) ' sTAx©

16
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BayesCG

the belief about x

observation 1 of 2: direction 51

the observation: s'/Ax=s"b

dotted: every x that agrees with
the observation about to be made

the prior observed: s'b=0.82
= the belief now

== the posterior mean
* the solution

5TAX

the belief expects s 'Ax =0.00 = 1.90; the answer is 0.82

17
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4. Message passing approachto AXx = b

A Setup

Forney-style Factor Graphs

Belief propagation

Solving AX = b by Message-Passing on a Factor-Graph




Message-passing approach: Setup

Ax=Db Goal: Solve Linear System
p(x) o exp (—%XTAX + bTX) Multivariate Gaussian
Vxlogp(x) =0 Mode
x=A"b x -configuration at mode
p=A1p x -configuration at mean

How to find the mode / mean?
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Message-passing approach: Setup

Gaussian Belief Propagation for Solving
Systems of Liear Equations:

p(x) ox exp gty 4 b x

Ori Shental, Darny Bickkon®, Paul l-2|egal Jack K. Wolf and Danny Dolev
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hution based upéh Ger propagecilt (BeEp it does ot o =

The itarative o s]:p‘mek; allows for a distributed message pa:zipmnmlnnn ofthe

salmion w@s address the s of the GaBP solver, including comverzence, sxactmess, 3 < ,7

v v and its relaion to classical solution methods.
We use numerical examples snd applications, like linesr detection, o illuswate thase proparues
throngh the use of computer simulstions. This empincal sudy demonstrates the stractivanass (e.2
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§ e e s
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Message-passing approach: Setup

T ()
1) M/ — —¥i2%,22) — = [ x ].
é(z1) $ra(e1, @) b(z2) p(x) o exp (_EXTAx_i_bT )
1
——x Ax+b'x = Z (bm:i — —Ayz; ) ZAW.’IZ Z
Pra(z1,24) Pa3(x2, 23) 2 i i<j
Hﬁbz i) H¢ZJ 3311333
1<J
d(es) FH = - Vsalzs,za) 4 = 4 o(z3) 1 )
(}51(3)@) = exp b,‘,,.’JC1 — —1431212'3
T4 €T3 2

ij\Liydj) — *Az 1 g
Forney-style Factor Graph Visli, zj) = exp (—Ayziz;)
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Message-passing approach: Setup

T i)
b(z1) % = %1[)1,2(1'1,502)% = % d(z3)
A \J A y
P14(z1,24) P 3(xa, x3)

Al Al
B(x4) % = %1[)3,4(933,334)% = % d(z3)
Ty T3

Forney-style Factor Graph

Message-passing is a scalable,
distributed approach to approximate
marginal inference.

We infer q(z;) for each variable z; in

state vector x .
We then stack the means to obtain:

m (q(x1))
x=A'b= :
m (q(zn))
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4. Message passing approachto AXx = b

° Setup

B Forney-style Factor Graphs

Belief propagation

Solving AX = b by Message-Passing on a Factor-Graph




Message-passing approach: Forney-style Factor-graphs

p(a, b, ¢, d) ol )en) Podd,wotled Jafates dbds) f1(d, a, z4)

a

pa 21

z4

Factor Graph: Insightful visual representation of p(...)

AN
L

f1

a

b

A

fa

N
L

A

C

c

fo s Zg—>
b

Y

fz «— z3
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Message-passing approach: Forney-style Factor-graphs

Backward:

|||||||

lllllll

Multiplication node

i

y=Hzx+w

> H

Linear factors

Summation node ——

]

Y

\ 4
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Message-passing approach: Forney-style Factor-graphs

All

Point-mass node —

é(x — )

n [

#(z1)

Equality node

¢1,2($1, fl?z) —

1/)1,4(-’131,$4)

Other common factors

TU/e



Message-passing approach: Forney-style Factor-graphs

Other common factors

—y> ﬁN%y(y) =N (y ‘ maw_l)

SN S

Normal node
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Message-passing approach: Forney-style Factor-graphs

Other common factors

ﬁN%y(y) =N (y | My, Vo + W_l)

PN e(@) =N (2| my, Vy + W)

L = ms

Normal node
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Message-passing approach: Forney-style Factor-graphs

We can combine nodes into “composite nodes”

&

———————

z

Node composition

oo o oo oo oo oo o e o omm o e o

A
7




4. Message passing approachto AXx = b

° Setup

e Forney-style Factor Graphs
C Belief propagation

Solving AX = b by Message-Passing on a Factor-Graph




Message-passing approach: Belief-propagation

Great! So how do we perform message-passing inference?
We consider only Belief Propagation
aka Sum-Product message-passing
Three steps:
(1) Messages
(2) Products

(3) Iteration

TU/e



Message-passing approach: Belief-propagation

(1) Messages

e

J Integ@P gpessage from f to x

product of factor and other incoming messages,
over the other variables of f

Incoming messages
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Message-passing approach: Belief-propagation

(2) Products

T

L

Y
L)

:\ f
7

Marginal for x at iteration k, qk (x)

Formed as product of messages to x

TU/e



Message-passing approach: Belief-propagation

T

¢"(xz) <— Evolves over iterations

v

T— Loopy graph

(3) Iteration

Laox10® |\
1.20x10" |
1.00x10" |
8.00%x10° |
6.00x10° |
4.00x10°

2.00x10°

| Bethe Free Energy l

Fpethe [9,0] = » _ Flga,pa] + Y _ Hlgi]

acy j ic€
VFE for each factor J

Entropy for each edge
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4. Message passing approachto AXx = b

° Setup

e Forney-style Factor Graphs

e Belief propagation

D Solving AX = b by Message-Passing on a Factor-Graph




Message-passing approach: Solving Ax = b

Ay A2z

Tl T2 _l TA bT
b1 .— qb(ml) I = |— qj}lyz(gjl,:@) I = [— qb(m?) _. bia p(x) (0.6 eXp 2 X X + X
p(x) = ] #i(zi) | [ is(mir )
Ana .— 1111,4(931,564) 1/12,3(352,553) —. A1z i i<j
\ A
¢’é($i) = exp | bjz; — - Ayx;
ba .— dxs) — =  ¥Ysalzs,z4) — '..
“ Vij(zi, x;) = exp (—Ayziz;)

A21,22

Structure of A4 TU/e



Message-passing approach: Solving Ax = b

Ax=Db

p(x) x exp (—%XTAX + bTx)

Same graph,
different appearance

p(x) = H ¢i(z:) | | vis(=ir =)

i<j

¢i(zi) = exp (bimi - %Anﬂz)

Vij(zi, ;) = exp (—A;jz;x;)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Structure of A ’ Next u p : nh’.Xinfer I TU/e




5. Stacking modular components

° Anylyzing GaBP (Bayesian Jacobi solver)

e Building




5. Stacking modular components

A Anylyzing GaBP (Bayesian Jacobi solver)

e Building




GaBP is a generalization of Jacobi

GaBP Jacobi
by — S iy Agipnt? (t)
pltty = i w(tjl) LD _ bi — 2 jeni) Ais®;
1 + i =
Aii + ) e () Pii Aij
U(t+1) L 1

= 1) No variance update
Aii + 3 jeniy Pisi

2

P(t+1) .
t
Aji + D ken )iy PAE—)UF

GaBP precision message: j—i T T
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GaBP iterations
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You can play with schedules!
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Is our generalization useful?

44

IIAX = bll / lIbll

107

= Jacobi

- Gauss—Seidel
== conjugate gradients
—— (GaBP (flooding)
= (3aBP (serial)

¥
»
x
"

25 50 75 100 125 150 175 200
iteration / round
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GaBP is distributed algorithm

45

36 processors - 1 unknown each 4 processors - 9 unknowns each

the die

c‘\ " ) Faa ) f')
7 A~ A~ g A~ N
(\ ) Faa" " Faa" /)
7 NS NS NS NS h
(\ ) Faa " Faa /)
7 NS NS NS NS N
(\ Y FanY Y FanY f)
7 N NS NS NS N
(\ 7\ Y oY Y f)
J h— NS - NS N
C 7\ Fan Fa Fan 0
A S S S

every edge is a hop

a cluster

o0 -0—0+-0+-0
o~ O0O 0000
OO OO0 ~0
OO 0O—0~0~0
o0 -0O—0~0+-0
o0 -0O0—0-0-0

only the cut is hops - the rest is flops

one core
all 36 unknowns

(>—%—<>—%—<
O O
O I Q I Q
O I O I O
O l O l O

no hops - all flops
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CG needs global synchronization steps

one CG iteration, tile by tile @ the two scalars — two all-reduces

@ the matrix—vector product A px — local )
Z over all 36 tiles

(A pk)i « four neighbours o, .
e, b, O > o]
( 1 IP_N 1 S ak = re're / pxTA pxk sum over all tiles »
fe : i) . Y Xk+1 = Xk + Ok Pk local

p_E
Ol () rk+1 = re — 0k A pk local
> O ) Bk = rk+1"rk+1 / re’r« sum over all tiles p 4
[ | 36 processors = 5 levels

O c O O O Pk+1 = Fk+1 + B" Pk local 5up + 5 down, x2

(Apc)i =(4+c)pi —pN-pS-pE-pW
pxTA pk for a, then the new rTr for B — each a sum over every tile:

. partial sums go up, the total comes back down - log P hops each way
four numbers from the neighbours - one hop

" TU/e



What algorithm wins and for what topology

GaBP

112 rounds
neighbours
only

CG

41 iterations

D neighbours

2 global
sums

the die: 36 processors, 1 unknown each

I 37 k

D A-p: talk to neighbours 2 two global sums
e

A

................................

36 processors = 5 levels
5 up + 5 down, x2

e 136 k
GaBP 3.7x faster

I flops inside a processor

4 processors, 9 unknowns each
= o,.,Q_o -
AR

—— 65 k

D A-p:talk to neighbours 2 two global sums

Z< .>X
4 processors
2 up + 2 down, x2

-0

-0
O

I 69 k

about even

I neighbour hops (@, and all of GaBP)

one core: all 36 unknowns

ing O- ...o.' o,- o
e
50 -6-?-6

seee

I

{ 6~—i {

124 k
D A-p: talk to neighbours 2 two global sums

no tree:
one processor
already holds

the sum

. 29 k
CG 4.3x faster

B global-sum trees (@, CG only)
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5. Stacking modular components

° Bayesian Jacobi solver

B Building




Adding some Fans

T S RV, 3L e S I LLLLLLL TRt &

Before: one solve
Ax =D>b

b measured by every tile; heat settles in microseconds

Now: one solve per time step
Ax(t) = b(b)
the field is at steady state for the fans of the moment

b(t) = b(t —1) +w(t), w(t) ~N(0,A™)

a fan has inertia: it drifts, it cannot jump

y(t) = b(t) + v(t), v(t) ~ N(0,771)

a tachometer on each fan: noisy, sometimes dark

TU/e



Translating from the FFG into Code

b11

bio

line

ar_system.j1 eoe

@model function linear_system_model(b, A)

end

n = length(b)

for i in 1:n # one self factor per cell
x[i] ~ Normal(mean = b[i] / A[i, il,
precision = A[i, il)

end
for i in 1:(n - 1), j in (i + 1):n # one coupling per non-zero
if !iszero(A[i, jl)
x[j] ~ GaussianCoupling(x[i], -A[i, jl)
end
end

TU/e



A linear state space model is a probabilistic block

by
lss_prior
5 e ;

=S R I 3 RS ER |
\ |
: p(b1) \ :
1
: N b = N b2 = ce N (by | b1, A): the heaters drift |
|
1
|

[ I [ | | [ [ |
el- el e el el el ek el e, by: pick heater k
”|.|| "l,2| h1,:.s| by 1‘ ba 1 “2‘2‘ "3.\5| "2.1|
ot el e e e e el e o -
| | ] | I ‘ ] ‘ I | 1 | I
N | N 1 N 1 N ) N 1" ‘ N 14 N 1" N (y¢.5 | be ., T): sensor k
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A linear state space in code

by b,
1ss_prior T T
i

T e e ;
' p(br) r |
| |
b= by - . ) NP
! ‘ N ‘T—/ N = N (by | by—1, A): the heaters drift |

E 1ss_prior.jl
Nealealr: ;
e o bis] _bra] baa] ban

0.01 *x diageye(dim_latent))

R =hrdsbr sk == @model function lss_prior(y_b, b, A, T, dim_latent)
b[1] ~ MvNormalMeanPrecision(zeros(dim_latent),
R, for t in 2:size(y_b, 1)
b[t] ~ MvNormalWeanPrecision(b[t-1], A)
end
for t in 1:size(y_b, 1), k in 1l:dim_latent
y_b[t, k] ~ NormalMeanPrecision(
dot(b[t], unit(k, dim_latent)), 1)
end
end

# drift

# sensor k
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Compositional payoff

Y1,k Y2k

heat_grid_model.jl "X X ]

@model function heat_grid_model(y_b, b@, A, B, A, T, source_cells)
T, n, K = size(y_b, 1), size(A, 1), length(source_cells)

b ~ 1ss_prior(y_b =y b, A=A, T =1, dim_latent = K)

for t in 1:T
for i in 1:n # self factors

x[t, i] ~ Normal(mean = b@[i] / Al[i, il,
precision = B x A[i, i])

end

for k in 1:K, i in source_cells [k] # heater - its cells
x[t, i] ~ GaussianCoupling(dot(b[t], unit(k, K)}), B)

end

for i in 1:n-1, j in i+l:n # cell » cell, from A
if liszero(A[i, jl)

x[t, j] ~ GaussianCoupling(x[t, il, -B * A[i, jl)

end

end

end
hesame end

block again

TU/e



source temperature

Let's do some Infer!

1 0 sensor(s) offline
true temperature posterior mean |posterior mean — truth| std above online baseline
' 00125
50 50 175
o5 = 00100
25 125
o o 100 0.0075
075 0.0050
-25 25
0.50
0.0025
50 == -50 0.25
0 1]
north east south west
25 50 75 100
e
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Thanks for your attention!
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Extra: convergence of Jacobi iteration

Jacobi updates are a fixed-point iteration with iteration matrix M; = DXL + V).

It can be shown that it converges for every x© if and only if the spectral radius p(M]) <1.

Take, for example, a chain tiling of the die such that A is tridiagonal with values (—1,2,—1).

Then, the eigenvalues of M; are A; = cos(ﬁ) forj=1,..,n

2

This means the spectral radius is cos(ﬁ), which is roughly 1 — and less than 1.

2(n+1)?
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Extra: error rates

For Kk = Aypax /Amin» the error rate of the conjugate gradient method is

57

iterations to 10~19

Ix® —x* |1, <2

Vic— 1\
VK +

measured (solid) vs. classical rate (dashed), c¢=0.4

102 i

=& Jacobi
—8— Gauss-Seidel
—&— conjugate gradients

10 20 30 40
die size m (n=m?)

Jacobi iterations to 10~1°

104 4

103 4

N Il x0 —x* |l 4

finite correlation length = the count saturates;
c= 0 grows like O(m?)=0(n)

— =P
— c=0.4
= =0 unscreened

20 40 60 80
die sizem (n=m?)
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Extra: CG is posterior mean of BayesCG

If you choose x©@ =0and 2@ = 471, then the posterior mean is exactly the result of CG:
xM = (0 4 30ATs (sTA2°ATS) 15T (b — Ax (V)
=0+ A71ATS (STAATATS)~1ST (b — A0)
=S (STATS)~1sTh

58 Title of the presentation — by tab Insert -> Header text and Footer text TU/e
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  𝒙 = [  x 1   . . .      x n ]
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  𝑨 𝒙 = 𝒃
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  𝑨 𝒙 = 𝒃


   (  𝑫 + 𝑳 + 𝑼 ) 𝒙 = 𝒃


  𝑫 𝒙 = 𝒃 −  (  𝑳 + 𝑼 ) 𝒙


  𝒙 =  𝑫  − 1  (  𝒃 −  (  𝑳 + 𝑼 ) 𝒙 )
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   z j =  𝒔 j T 𝑨  𝒙 ∗ =  𝒔 j T 𝒃


  j = 1 , … m


  p  (   z j | 𝒙 ) = 𝛿  (   z j −  𝒔 j T 𝑨 𝒙 ) .


  p  ( 𝒙 | z ) = 𝒩  ( 𝒙 |   𝒙   ( m ) ,  𝜮   ( m ) )


   𝒙  ( m ) =  𝒙   ( 0 ) +  𝜮   ( 0 )  𝑨 T 𝑺      (   𝑺 T 𝑨  𝜮  ( 0 )  𝑨 T 𝑺 )  − 1  𝑺 T  (  𝒃 − 𝑨  𝒙   ( 0 ) )


   𝜮  ( m ) =  𝜮   ( 0 ) −  𝜮   ( 0 )  𝑨 T 𝑺      (   𝑺 T 𝑨  𝜮  ( 0 )  𝑨 T 𝑺 )  − 1  𝑺 T 𝑨  𝜮  ( 0 )
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   M J =  D  − 1 ( L + U )
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  𝜌  (   M J ) < 1   .
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   M J


   𝜆 j =   cos ⁡  (   j 𝜋  n + 1 )


  j = 1 , … ,   n


    cos ⁡  (  𝜋  n + 1 )


  1 −    𝜋 2  2    (  n + 1 ) 2


  𝜅 =  𝜆  max   /  𝜆  min  


  ∥  x   ( t ) −  x ∗  ∥ A   ≤ 2      (     𝜅 − 1   𝜅 + 1 ) t ∥  x 0 −  x ∗  ∥ A


   x  ( 0 ) = 0


   Σ  ( 0 ) =  A  − 1


   x  ( m ) =  x   ( 0 ) +  Σ   ( 0 )  A T S      (   S T A  Σ 0  A T S )  − 1  S T  (  b − A  x   ( 0 ) )
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