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Keeping chips cool
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This is a silicon die, specifically a Pentium II.

It contains a complete electronic circuit that 
performs a specific function (this one computes).

Each tile (region) draws power and heats up.

Heat spreads through the silicon material.

We want to keep the die cool, which we can do 
by "throttling" power consumption.

To decide which to "throttle", the control system
needs the steady-state temperature of every tile.



Heat transfer on a silicon die

Let 𝑥𝑖 be the temperature of the 𝑖-th tile, and 𝑏𝑖 its power consumption.

The steady-state solution of the change in temperature over time is:

𝑐𝑥𝑖 + ෍

𝑗∈𝛿(𝑖)

𝑥𝑖 − 𝑥𝑗 = 𝑏𝑖

where 𝛿(𝑖) is the set of neighbors and 𝑐 is a parameter.

The neighbor contributions can be approximated with the Laplacian Δxi. 

Then

𝑐 − Δ 𝑥𝑖 = 𝑏𝑖
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System of linear equations

Stack 𝑛 temperatures and power consumptions into vectors 𝒙 = [𝑥1 . . . 𝑥𝑛] and b = [𝑏1 . . . 𝑏𝑛].

This gives us a matrix 𝑨 = (𝑐𝑰 − 𝜟)

So, the steady-state solution is 𝑨𝒙 = 𝒃.

How can we infer unknown 𝒙 from known 𝑨 and 𝒃?
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2. Classical numerical approaches
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A Jacobi method

B Gauss–Seidel method

C Conjugate gradient method



Jacobi method

First, 𝑨 is split into diagonal and strictly triangular terms: 𝑨 = 𝑫 + 𝑳 + 𝑼. Then:

𝑨𝒙 = 𝒃
𝑫 + 𝑳 + 𝑼 𝒙 = 𝒃

𝑫𝒙 = 𝒃 − 𝑳 + 𝑼 𝒙
𝒙 = 𝑫−1 𝒃 − 𝑳 + 𝑼 𝒙

The fixed-point equation becomes a fixed-point iteration:

𝒙(𝑡+1) = 𝑫−1(𝒃 − 𝑳 + 𝑼 𝒙(𝑡))

In standard Jacobi iteration, you would update per equation, keeping all other equations fixed;

𝑥𝑖
(𝑡+1)

=
1

𝑎𝑖𝑖
𝑏𝑖 −෍

𝑗≠𝑖

𝑎𝑖𝑗𝑥𝑗
𝑡
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Jacobi method
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Gauss-Seidel method

Gauss-Seidel is essentially the same but now you use the already computed values;

𝒙(𝑡+1) = 𝑫 + 𝑳 −1(𝒃 − 𝑼𝒙(t))
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Conjugate gradient method

Consider the quadratic function 𝑓 𝒙 = 𝒙𝑇𝑨𝒙 − 2𝒃𝑇𝒙.

For symmetric positive definite 𝐴, 𝑓 𝒙 will be minimal when its derivative, 2𝑨𝒙 − 2𝒃, is 0.

Algorithm:

• Start with an initial point 𝒙(0) and initial residual 𝒓(0) = 𝒃 − 𝑨𝒙 0 .

• Pick a direction 𝒔0 and compute step size: 𝛼0 =
𝒔0
𝑇𝒓(0)

𝒔0
𝑇𝑨𝒔0

• Update point 𝒙(1) = 𝒙(0) + 𝛼0𝒔0

• Update residual: 𝒓(1) = 𝒓(0) − 𝛼0𝑨𝒔0

• Repeat until 𝑛.

12



Conjugate gradient method

The directions are chosen to be conjugate with respect to 𝑨, i.e., 𝒔𝑖
𝑇𝑨𝒔𝑗 = 0 for 𝑖 ≠ 𝑗.
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Experiment

Consider a 24 x 24 grid tiling (𝑛 = 576) with 𝑐 = 0.4.
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3. Probabilistic numerical approach
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A BayesCG

B Uncertainty



BayesCG

Put a prior distribution on the unknown: 𝑝 𝒙 = 𝒩 𝒙 𝒙 0 , 𝜮 0 .

Now pick 𝑚 search directions 𝑺 = 𝒔1 ⋯𝒔𝑚 .

Let 𝑧𝑗 = 𝒔𝑗
𝑇𝑨𝒙∗ = 𝒔𝑗

𝑇𝒃 for 𝑗 = 1,…𝑚.

This is a Dirac likelihood, 𝑝 𝑧𝑗 𝒙 = 𝛿 𝑧𝑗 − 𝒔𝑗
𝑇𝑨𝒙 .

The posterior is then 

𝑝 𝒙 𝑧 = 𝒩 𝒙 𝒙 𝑚 , 𝜮 𝑚

whose parameters are an update to the prior’s

𝒙(𝑚) = 𝒙 0 + 𝜮 0 𝑨𝑇𝑺 𝑺𝑇𝑨𝜮(0)𝑨𝑇𝑺
−1
𝑺𝑇 𝒃 − 𝑨𝒙 0

𝜮(𝑚) = 𝜮 0 − 𝜮 0 𝑨𝑇𝑺 𝑺𝑇𝑨𝜮(0)𝑨𝑇𝑺
−1
𝑺𝑇𝑨𝜮(0)
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BayesCG
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4. Message passing approach to 𝐴𝐱 = 𝐛
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A Setup

B Forney-style Factor Graphs

C Belief propagation

D Solving 𝐴𝐱 = 𝐛 by Message-Passing on a Factor-Graph



Message-passing approach: Setup 

Goal: Solve Linear System

Multivariate Gaussian

Mode

-configuration at mode

-configuration at mean

How to find the mode / mean?



Message-passing approach: Setup 

Unary

Binary

Structure of 𝐴



Message-passing approach: Setup 

Forney-style Factor Graph



Message-passing approach: Setup 

• Message-passing is a scalable, 
distributed approach to approximate 
marginal inference.

• We infer          for each variable      in 
state vector     .

• We then stack the means to obtain:

Forney-style Factor Graph



4. Message passing approach to 𝐴𝐱 = 𝐛
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A Setup

B Forney-style Factor Graphs

C Belief propagation

D Solving 𝐴𝐱 = 𝐛 by Message-Passing on a Factor-Graph



Message-passing approach: Forney-style Factor-graphs

Factor Graph: Insightful visual representation of p(. . . )



Message-passing approach: Forney-style Factor-graphs

Multiplication node

Summation node

Linear factors



Message-passing approach: Forney-style Factor-graphs

Other common factors

Equality node

Point-mass node



Message-passing approach: Forney-style Factor-graphs

Other common factors

Normal node



Message-passing approach: Forney-style Factor-graphs

Other common factors

Normal node



Message-passing approach: Forney-style Factor-graphs

Node composition
We can combine nodes into “composite nodes”



4. Message passing approach to 𝐴𝐱 = 𝐛
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C Belief propagation

D Solving 𝐴𝐱 = 𝐛 by Message-Passing on a Factor-Graph



Message-passing approach: Belief-propagation 

Great! So how do we perform message-passing inference?

We consider only Belief Propagation

aka Sum-Product message-passing

Three steps:

(1) Messages

(2) Products

(3) Iteration



Message-passing approach: Belief-propagation 

(1) Messages

Incoming messages

BP message from 𝑓 to 𝑥Integral of
product of factor and other incoming messages,
over the other variables of 𝑓



Message-passing approach: Belief-propagation 

(2) Products

Marginal for 𝑥 at iteration 𝑘, 𝑞𝑘 (𝑥)

Formed as product of messages to 𝑥



Message-passing approach: Belief-propagation 

(3) Iteration

Evolves over iterations

Loopy graph

VFE for each factor

Entropy for each edge



4. Message passing approach to 𝐴𝐱 = 𝐛
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Message-passing approach: Solving 𝐴𝐱 = 𝐛

Structure of 𝐴



Message-passing approach: Solving 𝐴𝐱 = 𝐛

Structure of 𝐴 Next up: !

Same graph, 
different appearance



5. Stacking modular components
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A

B Building

Anylyzing GaBP (Bayesian Jacobi solver)



5. Stacking modular components
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A Anylyzing GaBP (Bayesian Jacobi solver)

B Building



GaBP is a generalization of Jacobi 

GaBP Jacobi

GaBP precision message:

No variance update



GaBP iterations



You can play with schedules!



Is our generalization useful?
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GaBP is distributed algorithm
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CG needs global synchronization steps
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What algorithm wins and for what topology



5. Stacking modular components
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A Bayesian Jacobi solver

B Building



Adding some Fans



Translating from the FFG into Code



A linear state space model is a probabilistic block



A linear state space in code



Compositional payoff



Let's do some Infer!



55

Thanks for your attention!



Extra: convergence of Jacobi iteration

Jacobi updates are a fixed-point iteration with iteration matrix 𝑀𝐽 = 𝐷−1(𝐿 + 𝑈).

It can be shown that it converges for every 𝑥(0) if and only if the spectral radius 𝜌 𝑀𝐽 < 1 .

Take, for example, a chain tiling of the die such that A is tridiagonal with values (−1,2, −1).

Then, the eigenvalues of 𝑀𝐽 are 𝜆𝑗 = cos(
𝑗𝜋

𝑛+1
) for 𝑗 = 1, … , 𝑛.

This means the spectral radius is cos(
𝜋

𝑛+1
), which is roughly 1 −

𝜋2

2 𝑛+1 2 and less than 1.
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Extra: error rates

For 𝜅 = 𝜆max /𝜆min , the error rate of the conjugate gradient method is

∥ 𝑥 𝑡 − 𝑥∗ ∥𝐴 ≤ 2
𝜅 − 1

𝜅 + 1

𝑡

∥ 𝑥0 − 𝑥∗ ∥𝐴
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Extra: CG is posterior mean of BayesCG

If you choose 𝑥(0) = 0 and Σ(0) = 𝐴−1, then the posterior mean is exactly the result of CG:

𝑥(𝑚) = 𝑥 0 + Σ 0 𝐴𝑇𝑆 𝑆𝑇𝐴Σ0𝐴𝑇𝑆 −1𝑆𝑇 𝑏 − 𝐴𝑥 0

= 0 + 𝐴−1𝐴𝑇𝑆 𝑆𝑇𝐴𝐴−1𝐴𝑇𝑆 −1𝑆𝑇 𝑏 − 𝐴0
= 𝑆 𝑆𝑇𝐴𝑇𝑆 −1𝑆𝑇𝑏

Title of the presentation – by tab Insert -> Header text and Footer text58
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